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QUASI-CONVERGENCE OF THE RICCI FLOW ON LOCALLY
HOMOGENEOUS CLOSED 4-MANIFOLDS
SONGBO HOU
Abstract. We study the quasi-convergence equivalence of some families of met-
rics on locally homogeneous closed 4-manifolds with trivial isotropy group, and
identify the dimension of each equivalence class under certain conditions.
1. Introduction
The Ricci flow is a parabolic partial differential equation system:
∂gij
∂t
= −2Rc, g(0) = g0, (1)
which plays an important role in studying geometries and topologies of manifolds.
Since homogeneous 3-manifolds are models of Thurston’s geometrization con-
jecture, it is natural and essential to study long-time behaviors on closed three-
manifolds. In [10], J. Isenberg and M. Jackson studied and described characteristic
behaviors of Ricci flow in every class of locally homogeneous geometries.
The results in [7,8] indicated that the Ricci flow could be useful to study geometric
and topological properties of 4-manifolds. In order to explore further possibility in
four dimensions, J. Isenberg, M. Jackson and Peng Lu [11] studied the Ricci flow on
locally homogeneous four-manifolds, and found that the Ricci flow has the similar
behaviors as those in [10], in general, if a solution exists for all time, then the flow
has a type III singularity in the sense of Hamilton.
Recall that the normalized Ricci flow
∂gij
∂t
= −2Rc + 2r
n
g (2)
where n is the dimension of the manifold and r is the average of the scalar curvature
R. The normalization keeps the volume constant under the flow. In recent years,
there are some sdudies on the Ricci flow under more sophisticated procedures on
locally homogeneous manifolds. In [4], Xiaodong Cao and Laurent Saloff-Coste
studied the backward Ricci flow, i.e., assuming the existence interval of the solution
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to (2) on locally homogeneous 3-manifolds is (−Tb, Tf), they described the behavior
of the Ricci flow as t goes to −Tb and obtained the convergence to a sub-Riemannian
geometry by a proper re-scaling. Similar results hold for some classes of locally
homogeneous 4-manifolds [2]. Related references include [1, 3, 5, 6, 14].
As the Ricci flow can only converge to Einstein metrics, which means that the
right-hand side of equation (2) becomes zero, there are many examples show that
the Ricci flow does not converge although it exists for all positive time. Many of
those examples collapse in the sense that the maximum injectivity radius of the
solution to equation (2) goes to 0 as t → ∞. In [9], Hamilton and Isenberg used
the concept of quasi-convergence to describe the behavior of Ricci flow of a family
of solv-geometry metrics on twisted torus bundles. The Ricci flow collapse in this
family. Further, in 2000, Knopf [12] proved that the quasi-convergence equivalence
of any metric in this family contains a 1-parameter family of locally homogeneous
metrics, and he formulated the following definition.
Definition 1.1. If g and h are evolving Riemannian metrics on M , g is said to
quasi-convergence to h and denote by g ∈ [h] if for any ǫ > 0 there exists a time tǫ
such that
sup
M×[tǫ,∞)
|g − h|h < ǫ.
In [13], Dan Knopf and Kevin McLeod studied the quasi-convergence of all locally
homogeneous metrics for which the Ricci flow exists to infinity. On any locally
homogeneous 3-maniflod, there exists a Milnor frame [16] which can simultaneously
diagonalize the initial metric and the Ricci tensor. Then the Ricci flow reduces to an
ODE system. Knopf-McLeod analyzed [g] in two case: the diagonal cases and the
general cases. In the diagonal case, they assumed that g and h are diagonal under
the same Milnor frame. Correspondingly, in the general case, g and h are diagonal
under two different frames. The later case needs more analysis.
The subject of this paper is to study the quasi-convergence of the Ricci flow on
locally homogeneous closed 4-manifolds. A class of four dimensional homogeneous
geometries can be identified by (M,G, I) where M is a simply connected four man-
ifolds, G is a transitive Lie group acting on M and I is the minimal isotropy group
of the action. Four dimensional homogeneous geometries can be divided into two
categories. One category with trivial isotropy group is labelled by A. Another cat-
egory with non-trivial isotropy group is labelled by B (refer to [11]). The locally
homogeneous 4-manifolds are quite different from 3-manifolds. In the case of four
2
dimensions, even if we can diagonalize some locally homogeneous metrics, the Ricci
flow will destroy the diagonalization as time goes on. In order to overcome such
difficulty, J. Isenberg, M. Jackson and P. Lu [11] used transition matrices to identify
some families of the initial metrics so that the Ricci flow keeps the diagonalization.
Then the Ricci flow equation becomes an ODE system. Motivated by the ideas
in [11–13], we consider two cases when deal with the quasi-convergence on locally
homogeneous 4-manifolds. The first case is that, assuming we can use the same
matrices as in [11] to diagonalize initial metrics g0 and g¯0 with which g(t) and g¯(t)
evolves by the Ricci flow, compare g(t) and g¯(t). In the second case, under the
assumption that we can use the same types of matrices with different entries to
diagonalize initial metrics g0 and g¯0 such that g(t) and g¯(t) keep diagonalization,
compare g(t) and g¯(t) to study [g].
Denote α = (Y1, Y2, Y3, Y4) a frame, and Dα the set of all metrics and their Ricci
tensors being diagonal with respect to α. We always begin our analysis of [g] by
studying
[g]α + [g] ∩ Dα.
Denote β = (Y
′
1 , Y
′
2 , Y
′
3 , Y
′
4 ) another frame. Assume the Ricci flow solution g(t) is
diagonal under α, and g¯(t) is diagonal under β. If the transformation from β to α is


Y1
Y2
Y3
Y4

 = A


Y
′
1
Y
′
2
Y
′
3
Y
′
4


where A is a transition matrix, the following relation between evolving component
matrix g¯α(t) of g¯(t) under α and g¯β(t) under β holds:
g¯α(t) = Ag¯β(t)A
T .
Then computation on |g − g¯|2g yields the quasi-convergence result.
We also broaden the discussion to Ricci flow on 4-dimensional unimodular Lie
groups and focus on category A including class A1 − A10. Since the existence
interval of the Ricci flow in class A10 is finite, we omit this class. Denoting
X1, X2, X3, X4 a basis such that the Lie brackets take the characteristic forms
( refer to [11, 15]), and
g0 = λ1ω
1 ⊗ ω1 + λ2ω2 ⊗ ω2 + λ3ω3 ⊗ ω3 + λ4ω4 ⊗ ω4,
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where ωi is the frame of 1-forms dual to Xi, we recall the Ricci flow equation, the
solution or the long-time behavior, and the conserved quantities in [11], then analyze
every cases. We will get the conditions some entries in transition matrices satisfy
and the dimension of each quasi-convergence equivalence class.
2. A1. U1[1, 1, 1]
The Ricci flow is trivial and [g] is 0-dimensional.
3. A2. U1[1, 1, 1].
3.1. The class [g]α
(A2iv) This corresponds to case in which k 6= 0, 1, −1
2
. From the conclusions
in [11], assume that we can use Yi = Λ
k
iXk with
Λ =


1 0 0 0
0 1 0 0
0 0 1 1
a4 a5 a6 1


to diagonalize the initial metric g0. The Ricci flow is
dA
dt
= 0,
dB
dt
=0,
dC
dt
= 0,
dD
dt
=4(k2 + k + 1).
It is easy to obtain the solution
A(t) = λ1, B(t) =λ2,
C(t) = λ3, D(t) =λ4 + 4(k
2 + k + 1)t.
Denote α = (Y1, Y2, Y3, Y4). If
g¯ = A¯ω1 ⊗ ω1 + B¯ω2 ⊗ ω2 + C¯ω3 ⊗ ω3 + D¯ω4 ⊗ ω4
is another metric in [g]α with initial data (λ¯1, λ¯2, λ¯3, λ¯4), then
|g − g¯|2g =
(
A− A¯
A
)2
+
(
B − B¯
B
)2
+
(
C − C¯
C
)2
+
(
D − D¯
D
)2
,
where
A− A¯
A
= 1− λ¯1
λ1
,
B − B¯
B
= 1− λ¯2
λ2
,
C − C¯
C
= 1− λ¯3
λ3
,
4
D − D¯
D
= 1− λ¯4 + 4(k
2 + k + 1)t
λ4 + 4(k2 + k + 1)t
.
Lemma 3.1. The class [g]α for an A2iv-geometry metric is exactly a 1-parameter
family.
Proof. Note that g¯ ∈ [g]α iff A¯A , B¯B , C¯C , and D¯D all converge to 1. It follows that
λ¯1 = λ1, λ¯2 = λ2, λ¯3 = λ3 and λ¯4 can be chosen arbitrarily. The proof is got.
3.2. g and g¯ are diagonal under two different frames α and β
Assume that we can use Yi = Λ
k
iXk with
Λ =


1 0 0 0
0 1 0 0
0 0 1 1
a4 a5 a6 1


and Y
′
i = Λ
′k
i Xk with
Λ
′
=


1 0 0 0
0 1 0 0
0 0 1 1
a
′
4 a
′
5 a
′
6 1


to diagonalize g0, g¯0 respectively.
Denote β = (Y
′
1 , Y
′
2 , Y
′
3 , Y
′
4 ) . The transformation for β to α is

Y1
Y2
Y3
Y4

 = ΛΛ′−1


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
Letting
a = a4 − a′4, b = a5 − a
′
5, c = a6 − a
′
6,
and
A =


1 0 0 0
0 1 0 0
0 0 1 0
a b c 1

 ,
we have 

Y1
Y2
Y3
Y4

 = A


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
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The relation between g¯α(t) and g¯β(t) is
g¯α(t) = Ag¯β(t)A
T .
Assuming
g¯β(t) =


A¯ 0 0 0
0 B¯ 0 0
0 0 C¯ 0
0 0 0 D¯

 ,
then we get
g¯α(t) =


A¯ 0 0 A¯a
0 B¯ 0 B¯b
0 0 C¯ C¯c
A¯a B¯b C¯c a2A¯ + b2B¯ + c2C¯ + D¯

 .
Theorem 3.1. The quasi-convergence class [g] is exactly a 1-parameter family.
Proof. In fact, it is easy to see that
A¯(t) = λ¯1, B¯(t) =λ¯2,
C¯(t) = λ¯3, D¯(t) =λ¯4 + 4(k
2 + k + 1)t.
Thus g¯ ∈ [g] if and only if all terms convergence to 0 in the sum
|g¯ − g|2g =
(
A− A¯
A
)2
+
(
B − B¯
B
)2
+
(
C − C¯
C
)2
+ 2
(A¯a)2
AD
+
2(B¯b)2
BD
+
2(C¯c)2
CD
+
(
a2A¯+ b2B¯ + c2C¯ + D¯ −D
D
)2
.
This implies that λ¯1, λ¯2 and λ¯3 are determined, and λ¯4 is arbitrary.
The analysis in the cases (A2i), (A2ii), (A2iii) is similar.
4. A3. U1[Z, Z¯, 1].
4.1. The class [g]α
From the conclusions in [11], assume that we can use Yi = Λ
k
iXk with
Λ =


1 0 0 0
0 1 0 0
0 0 1 0
a4 a5 a6 1


to diagonalize the initial metric g0.
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The Ricci flow is
dA
dt
= −A
2 − B2
BD
,
dB
dt
=− B
2 − A2
AD
,
dC
dt
= 0,
dD
dt
=
(A−B)2 + 12k2AB
AB
.
From the behavior of the solution to Ricci flow, we get the following theorem.
Lemma 4.1. The class [g]α is exactly a 2-parameter family.
Proof. If λ1 = λ2, then
A(t) = λ1, B(t) = λ2, C(t) = λ3, D(t) = λ4 + 12k
2t.
If λ1 6= λ2,the long-time behavior of the solution g(t) is (refer to [11])
A(t)→
√
λ1λ2, B(t)→
√
λ1λ2, C(t) = λ3, D(t)→∞.
Let g¯ ∈ [g]α correspond to the initial data (λ¯1, λ¯2, λ¯3, λ¯4) . Then A¯A → 1 and B¯B → 1
if and only if λ¯1λ¯2 = λ1λ2. It is easy to see that
lim
t→∞
D¯
D
= lim
t→∞
(A¯− B¯)2 + 12k2A¯B¯
(A− B)2 + 12k2AB = 1.
If λ¯1 and λ¯4 are prescribed, λ¯2 and λ¯3 are determined.
4.2. g and g¯ are diagonal under two different frames α and β
The analysis in this case is similar to that in Section 3.2.
5. A4. U1[2, 1].
5.1. The class [g]α
From the conclusions in [11], assume that we can use Yi = Λ
k
iXk with
Λ =


1 a2 a3 0
0 1 0 0
0 a1 1 0
a4 a5 a6 1


to diagonalize the initial metric g0. The solution to the Ricci flow is
A = λ1
(
1 +
3λ2
λ1λ4
t
)1/3
, B =λ2
(
1 +
3λ2
λ1λ4
t
)
−1/3
,
C = λ3, D =λ4
(
1 +
3λ2
λ1λ4
t
)1/3
.
Lemma 5.1. The class [g]α for an A4-geometry metric is exactly a 1-parameter
family.
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Proof. Assume that
g¯(t) = A¯ω1 ⊗ ω1 + B¯ω2 ⊗ ω2 + C¯ω3 ⊗ ω3 + D¯ω4 ⊗ ω4.
Then g¯ ∈ [g]α if and only if A¯A → 1, B¯B → 1, C¯C → 1, D¯D → 1. Thus we derive λ¯3 = λ3.
Let λ¯1
λ1
= k. We obtain
λ¯2
λ2
=
1
k
λ¯4
λ4
= k.
We choose λ¯1 arbitrarily. Then λ¯2 and λ¯4 will be determined. This completes the
proof.
5.2. g and g¯ are diagonal under two different frames α and β
Assume that we can use Yi = Λ
k
iXk with
Λ =


1 a2 a3 0
0 1 0 0
0 a1 1 0
a4 a5 a6 1


and Y
′
i = Λ
′k
i Xk with
Λ
′
=


1 a
′
2 a
′
3 0
0 1 0 0
0 a
′
1 1 0
a
′
4 a
′
5 a
′
6 1


to diagonalize g0, g¯0 respectively.
The transformation for β to α is

Y1
Y2
Y3
Y4

 = ΛΛ′−1


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
Denoting
a = a1 − a′1, b = a2 − a
′
2 + a
′
1a
′
3 − a
′
1a3, c = a3 − a
′
3, d = a4 − a
′
4,
e = a5 − a′5 + a
′
2a
′
4 − a
′
2a4 + a
′
1a
′
6 − a
′
1a6 + a
′
1a
′
3a4 − a
′
1a
′
3a
′
4,
f = a6 − a′6 + a
′
3a
′
4 − a
′
3a4
and
A =


1 b c 0
0 1 0 0
0 a 1 0
d e f 1

 ,
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we have 

Y1
Y2
Y3
Y4

 = A


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
The relation between g¯α(t) and g¯β(t) is
g¯α(t) = Ag¯β(t)A
T .
Assuming
g¯β(t) =


A¯ 0 0 0
0 B¯ 0 0
0 0 C¯ 0
0 0 0 D¯

 ,
then we get
g¯α(t) =


A¯+ b2B¯ + c2C¯ bB¯ bB¯a+ cC¯ dA¯+ bB¯e + cC¯f
bB¯ B¯ aB¯ eB¯
bB¯a+ cC¯ aB¯ a2B¯ + C¯ aB¯e + fC¯
dA¯+ bB¯e+ cC¯f eB¯ aB¯e + fC¯ d2A¯+ e2B¯ + f 2C¯ + D¯

 .
Thus g¯ ∈ [g] if and only if all terms convergence to 0 in the sum
|g¯ − g|2g =
(
A¯+ b2B¯ + c2C¯ −A
A
)2
+
(
B − B¯
B
)2
+
(
C − C¯ − a2B¯
C
)2
+
(
d2A¯+ e2B¯ + f 2C¯ + D¯ −D
D
)2
+ 2
(bB¯)2
AB
+ 2
(bB¯a + cC¯)2
AC
+ 2
(dA¯+ bB¯e + cC¯f)2
AD
+2
(aB¯)2
BC
+ 2
(eB¯)2
BD
+ 2
(aB¯e+ fC¯)2
CD
.
It follows that d = 0 which implies that a
′
4 = a4, and
A¯
A
→ 1, B¯
B
→ 1, C¯
C
→ 1, D¯
D
→ 1.
Under the condition a4 = a
′
4, we have the following Theorem.
Theorem 5.1. The class [g] is a exactly 1-parameter family.
The proof is similar to Lemma 5.1.
6. A5. U1[2, 1].
6.1. The class [g]α
9
Recall the results in [11]. The Ricci flow is
dA
dt
=
B
D
=
B
AD
A,
dB
dt
=− B
2
AD
= − B
AD
B,
dC
dt
= 0,
dD
dt
=3 +
B
A
.
The long time behavior of the solution g(t) is
A(t)→∞, B(t)→ 0+, C(t) = λ3, D(t)→∞.
We also have AB = λ1λ2.
Lemma 6.1. The class [g]α for an A5-geometry metric is exactly a 2-parameter
family.
Proof. Assume that
g¯(t) = A¯ω1 ⊗ ω1 + B¯ω2 ⊗ ω2 + C¯ω3 ⊗ ω3 + D¯ω4 ⊗ ω4
is another Ricci flow solution with the initial data (λ¯1, λ¯2, λ¯3, λ¯1). Then g¯ ∈ [g]α if
and only if all terms converge to 0 in the sum
|g − g¯|2g =
(
A− A¯
A
)2
+
(
B − B¯
B
)2
+
(
C − C¯
C
)2
+
(
D − D¯
D
)2
.
From the equation, it follows that
lim
t→∞
D¯(t)
D(t)
= lim
t→∞
dD¯(t)
dt
dD(t)
dt
= lim
t→∞
3 + B¯
A¯
3 + B
A
= 1.
Then A¯/A → 1 and B¯/B → 1 if and only if λ¯1λ¯2 = λ1λ2 since dA2dt = 2λ1λ2D . From
λ¯2 =
λ1λ2
λ¯1
, once λ¯1 is chosen, λ¯2 is fixed, and λ¯4 can be arbitrary.
6.2. g and g¯ are diagonal under two different frames α and β.
Assume we can use Yi = Λ
k
iXk with
Λ =


1 a2 0 0
0 1 0 0
0 0 1 0
a4 a5 a6 1


and Y
′
i = Λ
′k
i Xk with
Λ
′
=


1 a
′
2 0 0
0 1 0 0
0 0 1 0
a
′
4 a
′
5 a
′
6 1


to diagonalize g0, g¯0 respectively.
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The transformation for β to α is

Y1
Y2
Y3
Y4

 = ΛΛ′−1


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
Denoting
a = a2 − a′2, b = a4 − a
′
4, c = a5 − a
′
5 + a
′
2a
′
4 − a
′
2a4, d = a6 − a
′
6
and
A =


1 a 0 0
0 1 0 0
0 0 1 0
b c d 1

 ,
we have 

Y1
Y2
Y3
Y4

 = A


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
As previous, we get
g¯α(t) =


A¯ + a2B¯ aB¯ 0 bA¯ + acB¯
aB¯ B¯ 0 cB¯
0 0 C¯ dC¯
bA¯ + acB¯ cB¯ dC¯ b2A¯+ c2B¯ + d2C¯ + D¯

 .
Thus g¯ ∈ [g] if and only if all terms convergence to 0 in the sum
|g¯ − g|2g =
(
A− A¯− a2B¯
A
)2
+
(
B − B¯
B
)2
+
(
C − C¯
C
)2
+
(
b2A¯ + c2B¯ + d2C¯ + D¯ −D
D
)2
+
2(aB¯)2
AB
+
2(bA¯ + acB¯)2
AD
+
2(cB¯)2
BD
+
2(dC¯)2
CD
.
It follows that λ¯3 = λ3, limt→0
A¯
A
= 1 and limt→0
B¯
B
= 1 from (C−C¯
C
)2, (A−A¯−a
2B¯
A
)2
and (B−B¯
B
)2 goes to 0. Other terms go to 0 obviously after simply computation. We
also have the following Theorem.
Theorem 6.1. The class [g] is exactly a 2-parameter family.
7. A6. U1[3].
7.1. The class [g]α
11
Recall the results in [11]. The Ricci flow is
dA
dt
=
B
D
,
dB
dt
=
AC −B2
AD
,
dC
dt
= − C
2
BD
,
dD
dt
=
B
A
+
C
B
.
The solution to the Ricci flow is
A(t) = λ1(3E0t+ 1)
1/3, B(t) = λ2(3E0t+ 1)
−1/3(3F0t + 1)
1/3,
C(t) = λ3(3F0t+ 1)
−1/3, D(t) = λ4(3E0t+ 1)
1/3(3F0t + 1)
1/3,
where E0 =
λ2
λ1λ4
and F0 =
λ3
λ2λ4
.
Lemma 7.1. The class [g]α is exactly a 2-parameter family.
Proof. Assume that
g¯(t) = A¯ω1 ⊗ ω1 + B¯ω2 ⊗ ω2 + C¯ω3 ⊗ ω3 + D¯ω4 ⊗ ω4
is another Ricci flow solution with the initial data (λ¯1, λ¯2, λ¯3, λ¯4). Then g¯ ∈ [g]α if
and only if all terms converge to 0 in the sum
|g − g¯|2g =
(
A− A¯
A
)2
+
(
B − B¯
B
)2
+
(
C − C¯
C
)2
+
(
D − D¯
D
)2
.
Thus A¯/A → 1, B¯/B → 1, C¯/C → 1 and D¯/D → 1 if and only if the following
equalities hold
λ¯1
λ1
(
E¯0
E0
)1/3
= 1,
λ¯2
λ2
(
E0
E¯0
)1/3(
F¯0
F0
)1/3
= 1,
λ¯3
λ3
(
F0
F¯0
)1/3
= 1,
λ¯4
λ4
(
E¯0
E0
)1/3(
F¯0
F0
)1/3
= 1.
It is easy to see that if any two terms of λ¯1, λ¯2, λ¯3, λ¯4 are chosen, then the left two
will be determined.
7.2. g and g¯ are diagonal under two different frames α and β
Assume we can use Yi = Λ
k
iXk with
Λ =


1 a1 a3 0
0 1 a1 0
0 0 1 0
a4 a5 a6 1


and Y
′
i = Λ
′k
i Xk with
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Λ
′
=


1 a
′
1 a
′
3 0
0 1 a
′
1 0
0 0 1 0
a
′
4 a
′
5 a
′
6 1


to diagonalize g0, g¯0 respectively.
The transformation for β to α is

Y1
Y2
Y3
Y4

 = ΛΛ′−1


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
Denoting
a = a1 − a′1, b = a4 − a
′
4, c = a5 − a
′
5 + a
′
1a
′
4 − a
′
1a4,
d = a6 − a′6 + a
′
1a
′
5 − a
′
1a5 + a
′2
1 a4 − a
′2
1 a
′
4 + a
′
3a
′
4 − a
′
3a4, e = a3 − a
′
3 + a
′2
1 − a1a
′
1.
and
A =


1 a e 0
0 1 a 0
0 0 1 0
b c d 1

 ,
we have 

Y1
Y2
Y3
Y4

 = A


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
As previous, assuming
g¯β(t) =


A¯ 0 0 0
0 B¯ 0 0
0 0 C¯ 0
0 0 0 D¯

 ,
then we get
g¯α(t) =


A¯+ a2B¯ + e2C¯ aB¯ + eC¯a eC¯ bA¯ + aB¯c+ eC¯d
aB¯ + eC¯a B¯ + a2C¯ aC¯ cB¯ + aC¯d
eC¯ aC¯ C¯ dC¯
bA¯ + aB¯c+ eC¯d cB¯ + aC¯d dC¯ b2A¯+ c2B¯ + d2C¯ + D¯

 .
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Thus g¯ ∈ [g] if and only if all terms convergence to 0 in the sum
|g¯ − g|2g =
(
A− A¯− a2B¯ − e2C¯
A
)2
+
(
B − B¯ − a2C¯
B
)2
+
(
C − C¯
C
)2
+
(
b2A¯+ c2B¯ + d2C¯ + D¯ −D
D
)2
+
2(aB¯ + aeC¯)2
AB
+
2(eC¯)2
AC
+
2(bA¯ + acB¯ + deC¯)2
AD
+
2(aC¯)2
BC
+
2(cB¯ + adC¯)2
BD
+
2(dC¯)2
CD
.
It follows that g¯ ∈ [g] if and only if
A¯
A
→ 1, B¯
B
→ 1, C¯
C
→ 1, D¯
D
→ 1.
Theorem 7.1. The class [g] is exactly a 2-parameter family.
8. A7. U3I0.
(A7i) 8.1. The class [g]α
Recall the results in [11]. The Ricci flow is
dA
dt
=
B
C
+
C
B
+ 2,
dB
dt
=
C
A
+
D
C
− B
2
AC
,
dC
dt
=
B
A
+
D
B
− C
2
AB
,
dD
dt
=− D
2
BC
.
The long time behavior of the Ricci flow g(t) is
A(t) ∼ 4t, B(t) ∼ C(t) ∼ 1
D(t)
∼ t1/3.
We also have D(t) = λ4
(
1 + 3 λ4
λ2λ3
t
)
−1/3
, BCD2 = λ2λ3λ
2
4, and AD(B − C) =
λ1λ4(λ2 − λ3).
Lemma 8.1. The class [g]α is exactly a 3-parameter family.
Proof. Assume that
g¯(t) = A¯ω1 ⊗ ω1 + B¯ω2 ⊗ ω2 + C¯ω3 ⊗ ω3 + D¯ω4 ⊗ ω4
is another Ricci flow solution with the initial data (λ¯1, λ¯2, λ¯3, λ¯4). Then g¯ ∈ [g]α if
and only if all terms converge to 0 in the sum
|g − g¯|2g =
(
A− A¯
A
)2
+
(
B − B¯
B
)2
+
(
C − C¯
C
)2
+
(
D − D¯
D
)2
.
By (11) in [11], it is obvious that A¯/A approaches to 1. By the equalities BCD2 =
λ2λ3λ
2
4 and AD(B − C) = λ1λ4(λ2 − λ3), we have limt→∞ BC = 1. Then B¯/B → 1,
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C¯/C → 1 and D¯/D → 1 if and only if λ¯2λ¯3λ¯24 = λ2λ3λ24. In fact, if B¯/B → 1,
C¯/C → 1 and D¯/D → 1, then B¯C¯D¯2
BCD2
→ 1. This yields λ¯2λ¯3λ¯24 = λ2λ3λ24. If
λ¯2λ¯3λ¯
2
4 = λ2λ3λ
2
4 holds, then D¯/D → 1, limt→∞ B¯
2
B2
= limt→∞
B¯C¯·(B¯/C¯)
BC(·B/C)
= limt→∞
B¯C¯
BC
·
limt→∞
B¯/C¯
B/C
= 1 and limt→∞
C¯2
C2
= 1. We can choose λ¯1, λ¯2 and λ¯4 arbitrarily.
8.2. g and g¯ are diagonal under two different frames α and β
Assume we can use Yi = Λ
k
iXk with
Λ =


1 −a3 a1 a6
0 1 0 a3
0 0 1 a1
0 0 0 1


and Y
′
i = Λ
′k
i Xk with
Λ =


1 −a′3 a′1 a′6
0 1 0 a
′
3
0 0 1 a
′
1
0 0 0 1


to diagonalize g0, g¯0 respectively.
The transformation for β to α is

Y1
Y2
Y3
Y4

 = ΛΛ′−1


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
Denoting
a = −a3 + a′3, b = a1 − a
′
1, c = a6 − a
′
6 + a3a
′
3 − a1a
′
1 − a
′2
3 + a
′2
1 ,
and
A =


1 a b c
0 1 0 −a
0 0 1 b
0 0 0 1

 ,
we have 

Y1
Y2
Y3
Y4

 = A


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
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As previous, assuming
g¯β(t) =


A¯ 0 0 0
0 B¯ 0 0
0 0 C¯ 0
0 0 0 D¯

 ,
then we get
g¯α(t) =


A¯+ a2B¯ + b2C¯ + c2D¯ aB¯ − caD¯ bC¯ + cD¯b cD¯
aB¯ − cD¯a B¯ + a2D¯ −aD¯b −aD¯
bC¯ + cD¯b −aD¯b C¯ + b2D¯ bD¯
cD¯ −aD¯ bD¯ D¯

 .
Thus g¯ ∈ [g] if and only if all terms convergence to 0 in the sum
|g¯ − g|2g =
(
A− A¯− a2B¯ − b2C¯ − c2D¯
A
)2
+
(
B − B¯ − a2D¯
B
)2
+
(
C − C¯ − b2D¯
C
)2
+
(
D − D¯
D
)2
+
2(aB¯ − acD¯)2
AB
+
2(bC¯ + bcD¯)2
AC
+
2(cD¯)2
AD
+
2(abD¯)2
BC
+
2(aD¯)2
BD
+
2(bD¯)2
CD
.
Then we have
A¯
A
→ 1, B¯
B
→ 1, C¯
C
→ 1, D¯
D
→ 1.
Theorem 8.1. The class [g] is exactly a 3-parameter family.
(A7ii) 8.3. The class [g]α
Recall the results in [11]. The Ricci flow equation is
dA
dt
=
B2 + 2(1 + a22)BC + (1− a22)2C2
BC
,
dB
dt
=
AD − B2 + (1− a22)2C2
AC
,
dC
dt
=
AD + B2 − (1− a22)2C2
AB
,
dD
dt
=− D
2
BC
.
The solution to the Ricci flow is
A = λ1 + 4t, B =(λ
3
2 + 3(1− a22)λ2λ4t)1/3,
C =
1
1− a22
(λ32 + 3(1− a22)λ2λ4t)1/3, D =λ2λ4(λ32 + 3(1− a22)λ2λ4t)−1/3.
We also have BD = λ2λ4.
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Lemma 8.2. The class [g]α is exactly a 2-parameter family.
Proof. Assume
g¯(t) = A¯ω1 ⊗ ω1 + B¯ω2 ⊗ ω2 + C¯ω3 ⊗ ω3 + D¯ω4 ⊗ ω4
is another Ricci flow solution with the initial data (λ¯1, λ¯2, λ¯3, λ¯4). Then g¯ ∈ [g]α if
and only if all terms converge to 0 in the sum
|g − g¯|2g =
(
A− A¯
A
)2
+
(
B − B¯
B
)2
+
(
C − C¯
C
)2
+
(
D − D¯
D
)2
.
It is easy to see that A¯/A goes to 1. We also get B¯/B → 1, C¯/C → 1 and D¯/D → 1
if and only if λ¯2λ¯4 = λ2λ4. Once λ¯2 is chosen, λ¯4 and λ¯3 will be determined since
λ¯2 = (1− a22)λ¯3 holds in this calss.
8.4. g and g¯ are diagonal under two different frames α and β.
Assume that we can use Yi = Λ
k
iXk with
Λ =


1 −a3 0 a6
0 1 a2 a3
0 0 1 0
0 0 0 1


and Y
′
i = Λ
′k
i Xk with
Λ
′
=


1 −a′3 0 a′6
0 1 a
′
2 a
′
3
0 0 1 0
0 0 0 1


to diagonalize g0, g¯0 respectively.
The transformation for β to α is

Y1
Y2
Y3
Y4

 = ΛΛ′−1


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
Denoting
a = a
′
3 − a3, b = a2 − a
′
2, c = a
′
2a3 − a
′
2a
′
3, d = a6 − a
′
6 + a3a
′
3 − a
′2
3
and
A =


1 a c d
0 1 b −a
0 0 1 0
0 0 0 1

 ,
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we have 

Y1
Y2
Y3
Y4

 = A


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
As previous, we get
g¯α(t) =


A¯ + a2B¯ + c2C¯ + d2D¯ aB¯ + cC¯b− dD¯a cC¯ dD¯
aB¯ + cC¯b− dD¯a B¯ + b2C¯ + a2D¯ bC¯ −aD¯
cC¯ bC¯ C¯ 0
dD¯ −aD¯ 0 D¯

 .
Thus g¯ ∈ [g] if and only if all terms convergence to 0 in the sum
|g¯ − g|2g =
(
A− A¯− a2B¯ − c2C¯ − d2D¯
A
)2
+
(
B − B¯ − b2C¯ − a2D¯
B
)2
+
(
C − C¯
C
)2
+
(
D − D¯
D
)2
+
2(aB¯ + bcC¯ − adD¯)2
AB
+
2(cC¯)2
AC
+
2(dD¯)2
AD
+
2(bC¯)2
BC
+
2(aD¯)2
BD
.
So we have b = 0 which implies a
′
2 = a2 and
A¯
A
→ 1, B¯
B
→ 1, C¯
C
→ 1, D¯
D
→ 1.
Under the condition a
′
2 = a2, we get the following theorem.
Theorem 8.2. The class [g] is exactly a 2-parameter family.
9. A8. U3I2.
9.1. The class [g]α
Recall the results in [11]. The Ricci flow is
dA
dt
=
C
B
+
B
C
− 2, dB
dt
=− B
2
AC
+
C
A
+
D
C
,
dC
dt
= − C
2
AB
+
B
A
+
D
B
,
dD
dt
=− D
2
BC
.
The long time behavior of the Ricci flow g(t) is
A(t)→ k4/2, B(t)→ +∞, C(t)→ +∞, D(t)→ 0+,
where k4 =
AD(B+C)
(BC)1/2D
. We also have D(t) = λ4
(
1 + 3λ4
λ2λ3
t
)
−1/3
, BCD2 = λ2λ3λ
2
4 and
AD(B + C) = λ1λ4(λ2 + λ3).
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Lemma 9.1. The class [g]α is exactly a 2-parameter family.
Proof. Assume that
g¯(t) = A¯ω1 ⊗ ω1 + B¯ω2 ⊗ ω2 + C¯ω3 ⊗ ω3 + D¯ω4 ⊗ ω4
is another Ricci flow solution with the initial data (λ¯1, λ¯2, λ¯3, λ¯4). Then g¯ ∈ [g]α if
and only if all terms converge to 0 in the sum
|g − g¯|2g =
(
A− A¯
A
)2
+
(
B − B¯
B
)2
+
(
C − C¯
C
)2
+
(
D − D¯
D
)2
.
It follows from BCD2 = λ2λ3λ
2
4 and AD(B+C) = λ1λ4(λ2+λ3) that limt→∞
B
C
= 1.
Thus A¯/A→ 1, B¯/B → 1, C¯/C → 1 and D¯/D → 1 if and only if λ¯2λ¯3λ¯24 = λ2λ3λ24
and λ¯1λ¯4(λ¯2 + λ¯3) = λ1λ4(λ2 + λ3).
If λ¯2 and λ¯4 are prescribed, then λ¯1 and λ¯3 are determined.
9.2. g and g¯ are diagonal under two different frames α and β
Assume that we can use Yi = Λ
k
iXk with
Λ =


1 a3 a1 a6
0 1 0 a3
0 0 1 a1
0 0 0 1


and Y
′
i = Λ
′k
i Xk with
Λ
′
=


1 a
′
3 a
′
1 a
′
6
0 1 0 a
′
3
0 0 1 a
′
1
0 0 0 1


to diagonalize g0, g¯0 respectively.
The transformation for β to α is

Y1
Y2
Y3
Y4

 = ΛΛ′−1


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
Denoting
a = a3 − a′3, b = a1 − a
′
1, c = a6 − a
′
6 − a1a
′
1 − a3a
′
3 + a
′2
1 + a
′2
3
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and
A =


1 a b c
0 1 0 a
0 0 1 b
0 0 0 1

 ,
we have 

Y1
Y2
Y3
Y4

 = A


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
As previous, we get
g¯α(t) =


A¯+ a2B¯ + b2C¯ + c2D¯ aB¯ + cD¯a bC¯ + cD¯b cD¯
aB¯ + cD¯a B¯ + a2D¯ aD¯b aD¯
bC¯ + cD¯b aD¯b C¯ + b2D¯ bD¯
cD¯ aD¯ bD¯ D¯

 .
Thus g¯ ∈ [g] if and only if all terms convergence to 0 in the sum
|g¯ − g|2g =
(
A− A¯− a2B¯ − b2C¯ − c2D¯
A
)2
+
(
B − B¯ − a2D¯
B
)2
+
(
C − C¯ − b2D¯
C
)2
+
(
D − D¯
D
)2
+
2(aB¯ + acD¯)2
AB
+
2(bC¯ + bcD¯)2
AC
+
2(cD¯)2
AD
+
2(abD¯)2
BC
+
2(aD¯)2
BD
+
2(bD¯)2
CD
.
Thus we get a = 0 and b = 0. Under the condition a = 0 and b = 0, it is easy to
see that
A¯
A
→ 1, B¯
B
→ 1, C¯
C
→ 1, D¯
D
→ 1.
Theorem 9.1. The class [g] is exactly a 2-parameter family.
10. A9. U3S1.
A9i In this case, the metric g(t) is a product on ŜL(2,R)× R
g(t) = gSL(t) + λ4du
2
where gSL(t) = A(t)ω
1⊗ ω1+B(t)ω2⊗ ω2+C(t)ω3⊗ ω3 is a Ricci flow solution on
ŜL(2,R). Refer to [13] for the quasi-convergence on ŜL(2,R).
A9ii Recall the results in [11]. The Ricci flow is
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dA
dt
=
(B + C)2 −A2
BC
+
−A2 +B2
BD
a23,
dB
dt
=
(A+ C)2 − B2
AC
+
A2 − B2
AD
a23,
dC
dt
=
(A−B)2 − C2
AB
,
dD
dt
=
(A+B)2
AB
a23.
In this case, A = B and the Ricci flow reduces to
dA
dt
=
C
A
+ 2,
dC
dt
= −C
2
A2
,
dD
dt
= 4a23.
The long time behavior of the Ricci flow g(t) is
A(t)→ +∞, B(t)→ +∞, C(t)→ constant > 0, D(t)→ +∞.
10.1. The class [g]α
Lemma 10.1. The class [g]α is exactly a 2-parameter family.
Proof. Assume that
g¯(t) = A¯ω1 ⊗ ω1 + B¯ω2 ⊗ ω2 + C¯ω3 ⊗ ω3 + D¯ω4 ⊗ ω4
is another Ricci flow solution with the initial data (λ¯1, λ¯2, λ¯3, λ¯4). Then g¯ ∈ [g]α if
and only if all terms converge to 0 in the sum
|g − g¯|2g =
(
A− A¯
A
)2
+
(
B − B¯
B
)2
+
(
C − C¯
C
)2
+
(
D − D¯
D
)2
.
In fact, we compute
lim
t→∞
A¯
A
= lim
t→∞
dA¯
dt
dA
dt
= lim
t→∞
C¯
A¯
+ 2
C
A
+ 2
= 1.
Similarly, we have limt→∞
B¯
B
= 1. From the equation of D¯(t) and D(t), we get
limt→∞
D¯
D
= 1. Then g¯ ∈ [g]α if and only if C¯ and C have the same limit. The
equations for A and C yield dC
dA
= − C2
AC+2A2
. It follows that C =
1+
√
1+4c1A2
2c1A
, where
c1 is a constant determining the limit of C. Then the choice of λ¯1 and λ¯4 determines
a metric in [g]α.
10.2. g and g¯ are diagonal under two different frames α and β
Assume that we can use Yi = Λ
k
iXk with
Λ =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 a3 1


and Y
′
i = Λ
′k
i Xk with
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Λ
′
=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 a
′
3 1


to diagonalize g0, g¯0 respectively.
The transformation for β to α is

Y1
Y2
Y3
Y4

 = ΛΛ′−1


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
Denoting a = a3 − a′3 and
A =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 a 1

 ,
we have 

Y1
Y2
Y3
Y4

 = A


Y
′
1
Y
′
2
Y
′
3
Y
′
4

 .
As previous, we get
g¯α(t) =


A¯ 0 0 0
0 B¯ 0 0
0 0 C¯ aC¯
0 0 aC¯ a2C¯ + D¯

 .
Thus g¯ ∈ [g] if and only if all terms convergence to 0 in the sum
|g¯ − g|2g =
(
A− A¯
A
)2
+
(
B − B¯
B
)2
+
(
C − C¯
C
)2
+
(
D − D¯ − a2C¯
D
)2
+
2(aC¯)2
CD
.
We get a = 0, and
A¯
A
→ 1, B¯
B
→ 1, C¯
C
→ 1, D¯
D
→ 1.
Theorem 10.2. The class [g] is exactly a 2-parameter family.
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